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Abstract
A solution to an Einstein–Maxwell–dilaton-type theory with M Liouville po-
tentials and N gauge fields is presented, where M and N are arbitrary integers.
This exact solution interpolates between the Lifshitz black hole and the topological
dilaton black hole. The thermodynamic behaviour of the solution is found to be
similar to that of the Lifshitz black hole, where a phase transition may occur for
sufficiently small charge in the canonical ensemble, or sufficiently small potential in
the grand canonical ensemble.
1 Introduction
In the various applications of General Relativity, spacetimes which are non-asymptotically
flat have gained increasing interest. Perhaps the most notable is the asymptotically Anti-
de Sitter spacetimes which play an important role in the gauge/gravity correspondence,
string theory, and quantum gravity. Extensions of these and other related ideas have
subsequently led to spacetimes of other asymptotics.
For instance, attention has recently been turned to spacetimes which may serve as a
gravitational dual to non-relativistic field theories [1, 2]. For a more detailed review, see,
e.g., [3–5]. Here we shall briefly recall the essential ideas that are most relevant to this
paper. Such non-relativistic field theories in d-dimensions require an anisotropic scaling
between space and time in the form
t→ λzt, ~x→ λ~x, (1)
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where λ is a real constant, t denotes the time coordinate and ~x denotes the (d − 1)-
dimensional spatial coordinates. The real constant z is referred to as the Lifshitz exponent.
The scaling requirement leads the authors of [2, 10] to consider gravity duals taking
the form of the Lifshitz spacetime. Concretely, a particular form of the Lifshitz spacetime
in D = (d+ 1)-dimensions is given by
ds2 = −r
2z
L2
dt2 +
L2
r2
dr2 + r2d~x2(d−1), (2)
where L is a constant curvature scale. Clearly this spacetime is invariant under the scaling
t→ λzt, r → r
λ
, ~x→ λ~x, (3)
which satisfies Eq. (1), along with an additional coordinate r representing the one extra
dimension of the holographic dual. Furthermore, duals to systems at finite temperature
require the presence of a black hole. Hence on the gravity side, a suitable holographic
dual would be the Lifshitz black hole, which are black holes in spacetimes which are
asymptotically (2).
On the gravity side, work has been done to find an appropriate action which supports
the Lifshitz spacetime as a solution to its equations of motion. Such a solution require
the presence of various matter fields. The approach adopted by [2, 11–13] is to consider
gravity a coupled to one-form and two-form gauge fields. Construction of the solutions
using Einstein–Proca theory was achieved in [14, 15]. The Lifshitz black hole can also be
constructed in Lovelock gravity [16] and higher-curvature gravity [17, 18].
Of relevence to this paper is the thread where an Einstein–Maxwell–dilaton (EMd)-
type action is used. In Ref. [19], such an EMd-type action with multiple U(1) gauge
fields and multiple dilaton fields are used to construct hyperscaling-violating solutions
with Lifshitz scaling.On the other hand, an EMd-type action with multiple U(1) fields
with a single dilaton was considered by Tarrio and Vandoren [22] to construct a charged
spherical black hole in Lifshitz spacetime, generalising Eq. (2). There, the authors have
found that distinct U(1) fields are required to support the various curvature structures of
the solution.
To elaborate on this point, we take a look at the action used by Tarrio and Vandoren
[22], for which the bulk term in D = (d+ 1)-dimensions is
I =
1
16πG
∫
dDx
√−g
(
R − 2Λ− 1
2
(∇ψ)2 − 1
4
N∑
i=1
e−2aiψF 2i
)
, (4)
where G is the D-dimensional gravitational constant and Λ is the cosmological constant.
The gauge fields Fi represent a distinct U(1) field for each i, each of them coupled to the
same dilaton field ψ through their respective coupling parameter ai. It was known since [3]
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that at least one U(1) field (say, F1) is necessary to support the Lifshitz spacetime (2) as
a solution, even in the absence of the black hole. More specifically, if F1 vanishes, Eq. (2)
will reduce to the Anti-de Sitter spacetime with z = 1. If one wishes to include a black
hole with a spherical horizon, a second U(1) field F2 is needed. Finally, a third gauge
field F3 is used to charge up the black hole itself. Subsequent inclusions of F4, F5, . . . , FN
will contribute to different U(1) charges on the black hole. The value of z fixes F1, while
the positive curvature of the black hole’s spherical horizon fixes F2. Hence, out of N
distinct gauge fields, only N −2 of them (F3, F4, . . . , FN) are freely parameterised (within
constraints) charges carried by the black hole itself. The holographic and thermodynamic
consequences of these solutions were studied in [23,24], in addition to the original analysis
performed by [22].
Solutions for EMd-type theories have also been of interest in the context of string
theory and supergravity, especially those involving dimensional compactification [25, 26].
These studies involve bulk actions of the form
I =
1
16πG
∫
dDx
√−g
(
R − 1
2
(∇ψ)2 − 1
4
e−2aψF 2 − 2Λ1e2b1ψ − 2Λ2e2b2ψ
)
. (5)
In other words, this action contains a single U(1) gauge field F , and the scalar dilaton ψ
has a Liouville-type potential consisting of exponetial terms V(ψ) = 2Λ1e2b1ψ + 2Λ2e2b2ψ,
where Λ1, Λ2, b1 and b2 are constants. Black hole solutions under this action have been
studied, for instance, in Refs. [27–31], along with multi-black holes in a cosmological
background [32], as well as magnetised universes with and without a black hole [33, 34].
For these solutions, a similar intuition can be carried over from the Lifshitz black hole
with multiple gauge fields. Though in this case the situation is more straightforward; the
value of Λ1 determines whether the horizon has positive, negative, or zero curvature. Here,
we take the horizon to be the surface which separates two regions of a spacetime, in which
time-like and null curves are unable to escape from one region into the other. (See, e.g.,
[30, 35–37].) Therefore, the value of Λ1 determines the curvature of this surface. Finally,
F contributes to the charge of the black hole. Further properties and thermodynamics
of these solutions were studied by [30, 31, 34]. More general features of spacetimes under
this potential were considered in Refs. [38–40].
In the persent paper, we wish to study the possible solution of a action that contains
the ingredients of both (4) and (5), so that the Lifshitz and dilaton black hole solutions
are contained within a single framework. Specifically, the action is an EMd-type action
with M Liouville potentials and N gauge fields, for any number M and N . The first hints
of this possibility may come from noticing that the Lifshitz black hole and dilaton black
hole solution have certain features in common with each other. (For example, that the
dilaton ψ in both cases is proportional to ln r.)
The solution presented in this paper is spacetime which contains the Lifshitz and
3
dilaton black holes, where a parameter ν that interpolates between the two. The horizon
of the black hole may have planar, spherical, or hyperbolic topology, depending on the
relative values of the gauge fields and Liouville potentials. Particularly, in the case of the
planar horizon, the black hole asymptotically approaches (2). Another consequence of the
solution is that the Lifshitz black hole metric of [41] can be reproduced by replacing one
U(1) gauge field by a Liouville potential.
This paper is organised as follows. In Sec. 2, the equations of motion are presented and
the exact solution is derived. Some physical and geometrical properties of the solution
will be studied in Sec. 3, followed by an elementary thermodynamic analysis in Sec. 4.
The paper concludes in Sec. 5. We will be using units where the speed of light, Planck’s
constant, and Boltzmann’s constant equals unity, c = ~ = k = 1. We shall also take the
Lorentzian signature for the spacetime metric to be (−,+, . . . ,+).
2 Derivation of the solution
Our goal is to consider an action for which a solution that extremises this action is a
spacetime which reduces to the Lifshitz black hole as well as the dilaton black hole. The
former solution is supported by a EMd-type action with N gauge fields and no dilaton
potential [41], as sketched in Eq. (4), wheras the dilaton black holes of [29] are supported
by an EMd-type action with a single gauge field with two dilaton potentials for ψ, sketched
in Eq. (5).
Hence, in combining the features of Eqs. (4) and (5), we consider an EMd-type theory
consisting of N different U(1) gauge fields with a dilaton potential V(ψ),
I =
1
16πG
∫
M
dDx
√−g
(
R − 1
2
(∇ψ)2 − 1
4
N∑
i=1
e−2aiψF 2i − V(ψ)
)
+
1
8πG
∫
∂M
dD−1x
√−γ K. (6)
where Fi are the N two-form fields which arise from the exterior derivative of their re-
spective one-form potentials, Fi = dAi. We have also denoted F
2
i = (Fi)µν(Fi)
µν . Each of
these fields are coupled to the scalar field ψ via their respective coupling parameters ai.
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As in Eq. (4) and (5), G denotes the D-dimensional gravitational constant.
The second term in the action is the Gibbons–Hawking–York boundary term [42,43].
This term serves to fix the metric on the boundary and to ensure that the variation of the
action vanishes on-shell. A time-like boundary ∂M is chosen so that a Hamilton–Jacobi-
type analysis can be applied to the action. Concretely, let the metric on the boundary be
γµν . The boundary stress tensor is obtained from the variation of action with respect to
1For comparison with Tarrio and Vandoren’s action [22], we have λi = −2ai where λi is the coupling
parameter used in their paper.
4
γµν . According to the analysis by Brown and York [50], the time-like components of this
boundary stress tensor is interpreted as the quasi-local energy contained within the slice
of ∂M that is orthogonal to the time-like direction. For a concrete example, consider the
Schwarzschild solution in its usual coordinates (t, r, θ, φ). For a spherical volume r < rb
for some chosen rb, the quasilocal energy at some fixed time is the energy contained within
that spherical region.
We shall consider potentials V(ψ) where it is the sum of M exponential terms,
V(ψ) =
M∑
j=1
2Λje
2bjψ, (7)
where bj and Λj are constants. Therefore, the case of N > 0 and M = 0 corresponds to
Eq. (4) under which the Lifshitz black hole was obtained [22], where at least N = 3 is
needed to have a charged Lifshitz black hole with a spherical horizon.2 The case N = 1 and
M = 2 corresponds to Eq. (5) where the dilaton black hole was found [29]. Therefore, we
should consider at least M = N = 3 to be the simplest non-trivial solution to go beyond
the cases already contained in [22] and [29].
Extremising the action gives the Einstein–Maxwell–dilaton equations
Rµν =
1
2
∇µψ∇νψ + 1
D − 2Vgµν +
N∑
i=1
[
1
2
e−2aiψ(Fi)µλ(Fi)ν
λ − 1
4(D − 2)e
−2aiψF 2i gµν
]
,
(8)
∇µ
(
e−2aiψF µνi
)
= 0, (9)
∇2ψ = 2dV
dψ
− 1
2
N∑
i=1
aie
−2aiψF 2i . (10)
As briefly alluded to in the Introduction, the general form of the Lifshitz and dilaton
black hole share may similar features. In particular, their metrics in both cases take the
form
ds2 = −f(r)dt2 + h(r)dr2 + r2γ˜abdyadyb, (11)
where f(r) and h(r) are functions depending only on r. The metric γ˜abdy
adyb is a (D−2)-
dimensional space of constant unit curvature k = 0,±1. Our present goal can then be
focused into seeking a solution which also takes the form (11) and find an appropriate
f(r) and h(r) that extremises the action (6). We shall also take the ansatz where the
2Note the N = 2 case in Sec. 2.1 of [22] gives a black hole with a planar horizon.
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gauge potentials only have ‘electric’ radial components,
Ai = χi(r) dt, (12)
where χi(r) are scalar functions that depend only on r. Similarly we shall also take the
ansatz where ψ = ψ(r) is a scalar function that depends only on r.
In the following paragraphs we shall show the details of how the solution is derived.
The reader uninterested in such details may skip ahead to the final solution shown in
Eqs. (40), (42), and (41).
Substitution of the ansatz into Eq. (8) gives
− 1
2
√
fh
(
f ′√
fh
)′
− (D − 2)f
′
2rfh
=
M∑
j=1
2Λje
2bψ
D − 2 −
N∑
i=1
D − 3
2(D − 2)
1
fh
e−2aiψχ′2i , (13)
− 1
2
√
fh
(
f ′√
fh
)′
+
(D − 2)h′
2rh2
=
M∑
j=1
2Λje
2bjψ
D − 2 −
N∑
i=1
D − 3
2(D − 2)
1
fh
e−2aiψχ′2i +
1
2h
ψ′2,
(14)
D − 3
r2
(
k − 1
h
)
+
1
2rh
(
h′
h
− f
′
f
)
=
M∑
j=1
2Λje
2bjψ
D − 2 +
N∑
i=1
1
2(D − 2)
1
fh
e−2aiψχ′2i , (15)
where primes denote derivatives with respect to r. Furthermore, putting the ansatz into
the Maxwell equation (9) and dilaton equation (10) give
(
rD−2√
fh
e−2aiψχ′i
)′
= 0, i = 1, . . . , N, (16)
1√
fhrD−2
(√
f
h
rD−2ψ′
)′
=
M∑
j=1
4bjΛje
2bjψ +
N∑
i=1
ai
fh
e−2aiψχ′2i . (17)
Taking the difference between (13) and (14) leads to
D − 2
r
(
h′
h
+
f ′
f
)
= ψ′2. (18)
To make progress towards obtaining a solution, we shall follow [29,30,44] and consider a
specific ansatz for h as
h =
r2n
f
, (19)
for some constant n. While this does not rule out the possibility that there exist other of
solution for other forms of h, the ansatz taken here will nevertheless lead to a solution for
f that interpolates between the Lifshitz and dilaton black hole cases. With this ansatz
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for (19), Eq. (18) becomes ψ′2 = 2(D − 2)/r2 and can be solved to give3
ψ = −δ ln r + ψ0, δ =
√
2(D − 2)n, (20)
where ψ0 is an integration constant. It is worth noting that besides the context of
dilaton and Lifshitz black hole solutions, scalar fields of the form (20) are solutions to
asymptotically-AdS spacetimes in various models [45–47].
The Maxwell equations for each U(1) gauge field (16) can then be immediately inte-
grated once to give
χ′i = λie
aiψ0r−(D−2−n+2aiδ), (21)
where each λi are the integration constants parametrising the strength of their respective
U(1) charges.
Substituting Eqs. (19), (20), and (21) into Eqs. (13), (15), and (17) leads to
− 1
2rn
(
f ′
rn
)′
− (D − 2)f
′
2r2n+1
=
2
D − 2
M∑
j=1
Vjr
−2bjδ − D − 3
2(D − 2)
N∑
i=1
λ2i r
−2aiδ−2(D−2), (22a)
(D − 3)kr−2 − (D − 3− n)r−2−2nf − r−1−2nf ′ = 2
D − 2
M∑
j=1
Vjr
−2bjδ
+
1
2(D − 2)
N∑
i=1
λ2i r
−2aiδ−2(D−2),
(22b)
− δr−(D−2+n) (rD−3−nf)′ = 4 M∑
j=1
bjVjr
−2bjδ +
N∑
i=1
aiλ
2
i r
−2aiδ−2(D−2), (22c)
where we have denoted
Vj = Λje
2bjψ0 . (23)
What remains is to determine f . We shall motivate our ansatz by noting that, for
example, the Reissner–Nordstro¨m-AdS solution has the form f = k − µ
rD−3
+ q
2
r2(D−2)
+ r
2
ℓ2
,
particularly that the term q
2
r2(D−2)
is associated with the U(1) gauge field and the term r
2
ℓ2
is
associated with the cosmological constant. Either of these terms vanish if their respective
gauge field or cosmological constant is switched off. A negative cosmological constant
allows for k = 0 or k = −1. A similar situation occurs for the charged Lifshitz black hole
3Following [22, 30, 44], we shall choose the negative sign upon taking the square root. As we will see
below, solving the equations of motion for this choice of sign will lead to a positive sign for the coupling
parameter ai when the solution to reduced to that of [44] and [22]. Furthermore this will be consistent if
the terms e−2aiψF 2i of the action is a result of a dimensional compactification [25, 26, 28], in which case
ai is a positive number that depends on the number of reduced dimensions.
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with N U(1) gauge fields [22], where their function f has a separate term for each of the
N gauge fields. One of the gauge fields is required in order to have a spherical black hole.
In the dilaton black holes of [29,31], there is a separate term for each Liouville potential.
We then carry these considerations into our present context, which has N gauge fields
and M Liouville potentials. To this end, first we rewrite the sums appearing in the
right-hand sides of Eq. (22) explicitly as three parts, for instance,
N∑
i=1
λ2i r
−2aiδ−2(D−2) = λ2Nr
−2aN δ−2(D−2) +
p∑
l=1
λ2l r
−2alδ−2(D−2) +
N−1∑
i=p+1
λ2i , r
−2aiδ−2(D−2),
(24a)
M∑
j=1
2Vj
D − 2r
−2bjδ =
2VM
D − 2r
−2bM δ +
p∑
l=1
2Vl
D − 2r
−2blδ +
M−1∑
j=p+1
2Vj
D − 2r
−2bjδ. (24b)
Next, we take our ansatz for f to have M +N − p terms,
f = Brγ − µrc0 +
p∑
l=1
rθl
L2l
+
N−1∑
i=p+1
q2i r
ωi +
M−1∑
j=p+1
rσj
ℓ2j
, (25)
where the constant coefficients 1
L2
l
, q2i ,
1
ℓ2j
, B, and constant exponents c0, θl, ωi, σj , and
γ are to be determined. The reason why we consider M + N − p terms is to include
the possibility of overlap; namely that p of the terms receive simultaneous contributions
from a gauge field and Liouville potential, for some p. We will also let the term Brγ
be sourced by the N -th gauge field and M-th Liouville potential. The term −µrc0 is a
Schwarzschild-like term and is not sourced by any gauge field or Liouville potential.
In the following, we shall fix the indices l, i, and j to run according to the range
implied in Eq. (24) and (25).
Substitution of Eq. (25) into (22a), along with splitting the sums according to (24)
8
gives
− 1
2
(D − 3− n+ γ)γBrγ−2−2n − 1
2
p∑
l=1
(D − 3− n+ θl) θl
L2l
rθl−2−2n
− 1
2
N−1∑
i=p+1
(D − 3− n + ωi)ωiq2i rωi−2−2n −
1
2
M−1∑
j=p+1
(D − 3− n+ σj)σj
ℓ2j
rσj−2−2n
− 1
2
(D − 3− n+ c0)c0µrc0
=
2VM
D − 2r
−2bM δ − (D − 3)λ
2
M
2(D − 2) r
−aM δ−2(D−2)
+
p∑
l=1
[
2Vl
D − 2r
−2blδ − (D − 3)λ
2
l
2(D − 2) r
−2alδ−2(D−2)
]
−
N−1∑
i=p+1
(D − 3)λ2i
2(D − 2) r
−2aiδ−2(D−2) +
M−1∑
j=p+1
2Vj
D − 2r
−2bjδ. (26)
Substitution of Eq. (25) into (22b) and splitting the sums gives
(D − 3)kr−2 − (D − 3− n+ γ)Brγ−2−2n
−
p∑
l=1
(D − 3− n + θl)L−2l rθl−2−2n −
N−1∑
i=p+1
(D − 3− n + ωi)q2i rωi−2−2n
−
M−1∑
j=p+1
(D − 3− n + σj)ℓ−2j rσj−2−2n
− (D − 3− n− c0)µrc0−2−2n
=
2VM
D − 2r
−2bM δ +
λ2N
2(D − 2)r
−2aN−2(D−2)
+
p∑
l=1
[
2Vl
D − 2r
−2blδ +
λ2l
2(D − 2)r
−2alδ−2(D−2)
]
+
N−1∑
i=p+1
λ2i
2(D − 2)r
−2aiδ−2(D−2) +
M−1∑
j=p+1
2Vj
D − 2r
−2bjδ. (27)
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Substitution of Eq. (25) into (22c) and splitting the sums gives
− δ(D − 3− n+ γ)Brγ−2n−2
−
p∑
l=1
δ(D − 3− n + θl)L−2l rθl−2n−2 −
N−1∑
i=p+1
δ(D − 3− n+ ωi)q2i rωi−2n−2
−
M−1∑
j=p+1
δ(D − 3− n + σj)ℓ−2j rσj−2n−2 − δ(D − 3− n + c0)µrc0−2n−2
= 4bMVMr
−2bMδ + aNλ
2
Nr
−2aN δ−2(D−2)
+
p∑
l=1
[
4blVlr
−2bjδ + alλ
2
i r
−2alδ−2(D−2)
]
+
N−1∑
i=p+1
aiλ
2
i r
−2aiδ−2(D−2) +
M−1∑
j=p+1
4bjVjr
−2bjδ. (28)
Firstly, if c0 = −(D − 3− n), then the terms involving µ vanishes from the equations
and in f , it appears as
−µr−(D−3−n), (29)
which is the Schwarzschild-like term and is associated with the presence of the black hole.
The rest of the equations are solved via term-by-term comparisons. The remaining
terms in the left-hand sides of these equations involve the coefficients k, B, 1
L2
l
, q2i , and
1
ℓ2j
, while the right-hand sides of the equations involve λ1, . . . , λp, λp+1, . . . , λN−1, λN , and
V1, . . . , Vp, Vp+1, . . . , VM−1, VM . We match the terms on both sides of each equations by
the following scheme:
(
terms involving L−2l
)↔ (terms involving λl, Vl) , l = 1, . . . , p,
(terms involving qi)↔ (terms involving λi) , i = p+ 1, . . . , N − 1(
terms involving ℓ−2j
)↔ (terms involving Vj) , j = p+ 1, . . . ,M − 1,
(terms involving k, B)↔ (terms involving λN , VM) . (30)
For example, matching terms involving qi with terms containing λi in Eq. (26), (27), and
(28) respectively gives
−1
2
(D − 3− n+ ωi)ωiq2i rωi−2−2n = −
(D − 3)λ2i
2(D − 2) r
−aiδ−2(D−2), (31)
−(D − 3− n+ ωi)q2i rωi−2−2n =
λ2i
2(D − 2)r
−2aiδ−2(D−2), (32)
−δ (D − 3− n+ ωi) q2i rωi−2−2n = aiλ2i r−2aiδ−2(D−2). (33)
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Demading that the coefficients and exponents of r on both sides of each equations to be
equal gives
ωi = −2(D − 3), aiδ = n,
λi =
√
2(D − 2)(D − 3 + n)qi. (34)
Similarly, matching the terms involving 1
L2
l
with the terms containing λl and Vl gives
three algebraic equations. Matching the coefficients and exponents of r, we find
θl = 2 + 2n− 2νl, alδ = νl − (D − 2),
λ2l = 2(D − 1 + n− 2νl)(n− νl)
1
L2l
,
2Vl = 2Λle
2blψ0 = −(D − 1 + n− 2νl)(D − 2 + n− νl) 1
L2l
, (35)
where we have introduced the parametrisation blδ = νl. Next, matching the terms con-
taining 1
ℓ2j
with terms containing Vj gives
σj = 2, bjδ = n,
2Vj = 2Λje
2bjψ0 = −(D − 2)(D − 1− n) 1
ℓ2j
, (36)
whereas matching the terms involving B with terms containing λN and VM results in
equations which are solved by
γ = 2n, bMδ = 1, aNδ = −(D − 3),
B =
(D − 3)2k − 2ΛMe2bMψ0
(D − 3 + n)2 =
(D − 3)k − (D − 3 + n)ρ2
(1− n)(D − 3 + n) , (37)
where λN =
√
2(D − 3 + n)ρ.
The gauge potentials are obtained upon integrating the Maxwell equations again,
which gives
χl = Φl + e
αlψ0
√
2(n− νl)
D − 1 + n− 2νl
rD−1+n−2νl
Ll
, (38a)
χi = Φi − eαiψ0
√
2(D − 2)
D − 3 + nqir
−(D−3+n), (38b)
χN = ΦN + e
αNψ0
√
2
D − 3 + nρr
D−3+n. (38c)
where, Φl, Φi, and ΦN above are the integration constants.
We collect and summarise our results: Reiterating for the benefit of the reader who
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has skipped the details of the derivation, the indices l, i, and j, appearing in the equations
below are taken to run as follows
l ∈ {1, . . . , p}, i ∈ {p+ 1, . . . , N − 1}, j ∈ {p+ 1, . . . ,M − 1}. (39)
The metric, gauge potentials and dilaton field which solves the equations of motion (8),
(9), and (10) are
ds2 = −fdt2 + hdr2 + r2dΩ2, (40a)
f = Br2n − µ
rD−3−n
+
p∑
l=1
r2+2n−2νl
L2l
+
N−1∑
i=p+1
q2i
r2(D−3)
+
M−1∑
j=p+1
r2
ℓ2j
, (40b)
h =
r2n
f
, (40c)
Al =

Φl + ealψ0
√
2(n− νl)
D − 1 + n− 2νl
rD−1+n−2νl
Ll

 dt, (40d)
Ai =
(
Φi − e−aiψ0
√
2(D − 2)
D − 3 + nqir
−(D−3+n)
)
dt, (40e)
AN =
(
ΦN + e
aNψ0
√
2
D − 3 + nρr
D−3+n
)
dt, (40f)
ψ = −
√
2(D − 2)n ln r + ψ0, (40g)
provided that the Liouville potential strengths are related to B, 1
L2
l
, 1
ℓ2j
by
2Λle
2blψ0 = −(D − 1 + n− 2νl)(D − 2 + n− νl)
L2l
, (41a)
2Λje
2bjψ0 = −(D − 2)(D − 1− n)
ℓ2j
, (41b)
B =
(D − 3)2k
(D − 3 + n)2 +
2ΛMe
2bMψ0
(D − 3 + n)2 , (41c)
and that the coupling constants are related to the parameters νl and n by
al =
νl − (D − 2)√
2(D − 2)n, ai =
√
n
2(D − 2) , aN = −
√
D − 3
2(D − 2)n,
bl =
νl√
2(D − 2)n, bj =
√
n
2(D − 2) , bM =
1√
2(D − 2)n. (42)
We recover known solutions by the following choices of the parameters:
• Lifshitz spherical/planar black hole: The Lifshitz black hole is recovered by
setting νl = 0 and Λj = 0. The latter condition is tantamount to having ℓ
2
j → ∞
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and all the terms proportional to r2 in f will vanish. Then, with νl = 0, the p gauge
fields are redundant since they all give rise to the same term proportional to r2+2n,
so we might well consider p = 1. If we further let z = n + 1, the function f can be
rewritten as
f = r2z
[
(D − 3)2k
(D − 3 + n)2r2 +
1
L2
− µ
rD−2−z
+
N−1∑
i=2
q2i r
−2(D−3+z)
]
. (43)
We see that the term in the square brackets is precisely the function denoted as bk
in [22] and that z is the familiar Lifshitz exponent. Along with rest of the solution,
we have recovered the Lifshitz spherical/planar black hole derived by [22].
• The dilaton black hole: If we set νl = n, then the gauge fields χl where l = 1, . . . , p
are switched off. Then, Eq. (41a) becomes the same as Eq. (41b), bl = bj =
√
n
2(D−2)
.
Then M − 1 terms in the dilaton potential become identical and hence redundant,
because
V =
p∑
l=1
2Λle
2blψ +
M−1∑
i=p+1
2Λje
2bjψ + 2ΛMe
2bMψ
= 2
(
p∑
j=1
Λl +
M−1∑
i=p+1
Λi
)
e
√
2n
D−2
ψ + 2ΛMe
2bMψ. (44)
We can then rename
∑p
j=1Λl +
∑M−1
i=p+1Λi = Λ1, and M = 2 suffices. We then have
2Λ1e
2b1ψ0 = −(D − 2)(D − 1− n)ℓ−2, b1 =
√
n
2(D − 2) . (45)
Further introduding the transformation
r = ̺
1
1+n , t = (1 + n)tˆ, (46)
the solution becomes
ds2 = −Udtˆ2 + U−1d̺2 + ̺ 11+ndΩ2k,(D−2), (47)
U = (1 + n)2
[
B̺
2n
1+n − µ̺n−(D−3)1+n +
N−1∑
i=1
q2i ̺
−
2(D−3)
1+n +
̺
2
1+n
ℓ2
]
. (48)
At the moment, the solution still contains N − 1 non-zero U(1) charges. If we set
all but one of them to zero, we recover the charged dilaton black hole with two
exponential potentials originally obtained in Ref. [29].
The intuition we have learned in solving the equations of motion with this ansatz is that
all but two terms of f in (40b) require a source which is either a Liouville potential, gauge
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field, or both. Explicitly, the terms q2i /r
2(D−3) are supported by U(1) gauge fields, r2/ℓ2j are
supported by Liouville potentials, and r2+2n−2νl/L2l are simultaneously supported by gauge
fields and Liouville potentials. Turning off any of the fields or potentials appropriately
will set its corresponding terms to zero.
The first two terms of f are Br2n − µ/rD−3−n, clearly this reduces to the usual
Schwarzschild–Tangherlini form 1 − µ/rD−3 when all the matter fields are turned off.
The second term here is related to the black hole mass and is not affected by the presence
of the matter fields, though the presence of the M-th potential and N -th gauge field
modifies the particular value of B in accordance to Eq. (41c).
3 Physical and geometrical properties
For concreteness in the rest of the paper, we shall henceforth consider the simplest charged
non-trivial case M = N = 3. Loosely speaking, this is the least number of fields which
has a charged solution with a spherical horizon and non-flat/non-AdS asymptotics which
contain the afore-mentioned Lifshitz black hole and dilaton black hole.
Explicitly, the solution for M = N = 3 is given by
ds2 = −fdt2 + r2nf−1dr2 + r2γ˜abdyadyb, (49a)
f = Br2n − µ
rD−3−n
+
r2+2n−2ν
L2
+
q2
r2(D−3)
+
r2
ℓ2
, (49b)
ψ = −
√
2(D − 2)n ln r + ψ0, (49c)
A1 =
(
Φ1 + e
a1ψ0
√
2(n− ν)
D − 1 + n− 2ν
rD−1+n−2ν
L
)
dt, (49d)
A2 =
(
Φ2 − ea2ψ0
√
2(D − 2)
D − 3 + nqr
−(D−3+n)
)
dt, (49e)
A3 =
(
Φ3 + e
a3ψ0
√
2
D − 3 + nρr
D−3+n
)
dt, (49f)
2Λ1e
2b1ψ0 = −(D − 1 + n− 2ν)(D − 2 + n− ν)L−2, (49g)
2Λ2e
2b2ψ0 = −(D − 2)(D − 1− n)ℓ−2, (49h)
B =
(D − 3)2k − 2Λ3e2b3ψ0
(D − 3 + n)2 =
(D − 3)k − (D − 3 + n)ρ2
(1− n)(D − 3 + n) , (49i)
with
a1 =
ν − (D − 2)√
2(D − 2)n, a2 =
√
n
2(D − 2) , a3 = −
D − 3√
2(D − 2)n,
b1 =
ν√
2(D − 2)n, b2 =
√
n
2(D − 2) , b3 =
1√
2(D − 2)n. (50)
14
First, let us account for the independent parameters of this solution. The first two of
these are straightforwardly L2 and ℓ2, which fixes Λ1 and Λ2 via Eq. (49g) and (49h). If we
wish to consider the cases where Λ1 and/or Λ2 are positive, we replace L
2 → −L2 and/or
ℓ2 → −ℓ2. Next, we have n which controls the strength of ψ. The parameter ν determines
the strength of the gauge potential A1 together with n. The parameter q determines the
strength of A2, and is this particular U(1) field that behaves like a Reissner–Nordstro¨m
charge in terms of the spacetime and its thermodynamics.
The quantities B, Λ3, and ρ are intertwined in the two equalities in (49i). Hence there
should be one free parameter among them. (Since n has already been accounted for.)
Solving for Λ3, or ρ, we find
2Λ3e
2b3ψ0 =
(D − 3 + n)2ρ2 − n(D − 2)(D − 3)k
1− n , (51)
ρ2 =
(1− n)2Λ3e2b3ψ0 + n(D − 2)(D − 3)k
(D − 3 + n)2 . (52)
Without loss of generality, let us choose Λ3 as the independent parameter. Subsequently ρ
will be determined from Eq. (52). With these two quantities will then fix B via Eq. (49i).
Finally, µ is not related to any of the matter fields and is obviously the Schwarzschild-like
term responsible for the mass of the black hole, as we will see in further detail below.
To identify the event horizon, we consider r = constant hypersurfaces. The vector
normal to the hypersurface is ∂µr, and its norm is ∂µr∂
µr = grr = 1
r2n
f . We see that
r = r+, where f(r+) = 0 is a null hypersurface where time-like and null curves in r < r+
cannot escape to r > r+. This can be seen by transforming to Eddington–Finklestein-like
coordinates and observing that light cones at r < r+ are tilted inwards, indicating that
future-directed null geodesics goes in the direction of decreasing r. A calculation of the
curvature invariants (see Eqs. (71) and (72)) show that the spacetime is regular at the
horizon. For the purposes of analysis, it will be convenient to express µ in terms of r+ via
µ =
rD−1+n−2ν+
L2
+
rD−1−n+
ℓ2
+BrD−3+n+ + q
2r
−(D−3+n)
+ , (53)
and we shall take r+ as one of the parameters of the solution, where µ can be determined
from r+ using Eq. (53).
Having the parameters accounted for, we shall regard our solution (49) as being
parametrised by the following seven quantities:
(
r+, q, L
2, ℓ2, Λ3, n, ν
)
, (54)
where Eq. (49d) indicates that ν must take the range ν ≤ n. Also, Eq. (51) forbids n = 1,
unless Λ3 = 0. In the ranges where all the parameters are well-defined, the function f
typically has three roots, one of which is our parameter r+ as intended. The other two
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roots are denoted r− and rc, where
r− ≤ r+ < rc, (55)
where r− is non-zero if q is non-zero and rc is finite if Λ1 and/or Λ2 are positive. The
spacetime will be static with Lorentzian signature (−,+, . . . ,+) in the range r+ < r < rc
and r < r−. As we will show below, the latter region contains a curvature singularity
at r = 0, and hence we shall mainly be interested in physical quantities measurable by
observers at r+ < r < rc, where the curvature singularity is hidden by the horizon r+.
This range is understood to include the case rc =∞ for negative Λ1 and Λ2.
For the various physical and thermodynamic quantities below, we first evaluate quan-
tities in the spacetime region
r+ < r < rb, (56)
The boundary r = rb shall be denoted as ∂M with unit normal
nµ = r−nb
√
f(rb)δ
µ
r . (57)
The spacetime carries a time-like Kiling vector ξµ ∝ δµt . It can be explicitly checked that
ξµ solves the Killing equation if the proportionality factor is a constant. We shall choose
the proportionality constant such that ξµξ
µ = −1 at the boundary. Therefore,
ξµ =
1√
f(rb)
δµt . (58)
To calculate the mass, we adopt the boundary stress tensor procedure of [49] (see
also [50]), where we consider the r = rb unit normal given by Eq. (57). The strategy is
as follows: The procedure is to calculate the boundary stress tensor which is associated
with the quasi-local energy contained in the volume inside the boundary where rb at this
stage is large but finite. Next one has to perform an appropriate subtraction to remove
the contribution of the ‘background’ spacetime. (Here, we shall take the ‘background’
as the spacetime corresponding to µ = 0 in the metric.) The resulting stress tensor can
then be regarded as coming purely from the black hole’s contribution. Furthermore, upon
subtraction there will no longer be terms that grow with rb. Then the limit rb →∞ then
can be taken safely. Note that the scalar invariant ξµξ
µ = −1 remains finite at any rb, by
construction.
The induced metric at the boundary is γµν = gµν − nµnν . The boundary stress tensor
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is the variation of the action with respect to γµν [50]:
Tµν =
2√|γ|
δI
δγµν
= − 1
8πG
(Kµν −Kγµν) , (59)
evaluated at some r = rb. In general, the energy calculated from this stress tensor will
grow with rb, as it accounts for the energy of the entire spacetime. Hence we shall subtract
the contribution from an appropriately chosen background and the remaining quantity is
independent of rb and is to be regarded as the contribution from the black hole alone.
To this end, we shall take our background g0µν as the µ = 0 case of the metric.
The time coordinate of the background is scaled appropriately so that g0ττ = gtt at the
boundary [49]. We then repeat the procedure of the above paragraph for this spacetime to
obtain its corresponding stress tensor 0Tµν . Indeed, the choice of background is not unique
and is made to agree when the parameters coincide with cases known in earlier literature,
especially Refs. [22] and [31]. Our background-subtracted stress tensor is obtained by
Tˆµν = Tµν − 0Tµν . (60)
As explained in [50], if the Killing vector is normalised according to (58), the conserved
charge associated with the time-like Killing vector ξµ agrees with the quasi-local energy
of the spacetime. Upon taking rb →∞, the resulting constant quantity is interpreted as
the ‘mass’ of the black hole and is given explicitly by
M =
∮
∂M
dD−2x
√
γ ξµξνTˆµν =
Ω
16πG
(D − 2)µ, (61)
where Ω =
∫
dD−2σ
√
γ˜ is the volume of the part of the spacetime described by γ˜ab. It
is worth emphasising that all intermediate calculations are performed at finite rb, and
the final expressian for the scalar M given in (61) is ultimately independent of rb and
therefore the limit rb →∞ can be taken safely. In the topological dilaton black hole case
with ν = n, this agrees with the mass obtained by the counter-term method by Cai and
Ohta [31], and also agrees in the Lifshitz case (ν = 0) with the calculation by Tarrio and
Vandoren [22] wherein the Komar integral method was used.
In the canonical ensemble which we will consider in the thermodynamic analysis, the
charge of the spacetime is fixed. In that case a more appropriate background would be
the extremal spacetime geµν , which is the case where r− coincides with r+. Let µe be the
mass parameter such that r− = r+. Then the mass of the black hole measured against
this extremal background is then
∆M =
Ω
16πG
(D − 2)(µ− µe). (62)
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The respective U(1) charges are calculated by
Qi =
1
16πG
∮
dD−2y
√
γ˜e−2aiψ(Fi)µνn
µξν , (63)
for i = 1, 2, and 3. Calculating the Maxwell tensors from the potentials given in
Eqs. (49d), (49e) and (49f), the charges are explicitly
Q1 =
Ω
16πG
e−a1ψ0
√
2(n− ν)(D − 1 + n− 2ν) 1
L
, (64)
Q2 =
Ω
16πG
e−a2ψ0
√
2(D − 2)(D − 3 + n) q, (65)
Q3 =
Ω
16πG
e−a3ψ0
√
2(D − 3 + n)ρ. (66)
We shall also fix the respective gauge potentials so that each Ai are zero at the horizon.
This gives
Φ1 = −eα1ψ0
√
2(n− ν)
D − 1 + n− 2ν
rD−1+n−2ν+
L
, (67)
Φ2 = e
α2ψ0
√
2(D − 2)
D − 3 + n
q
rD−3+n+
, (68)
Φ3 = −eα3ψ0
√
2
D − 3 + nρr
D−3+n
+ . (69)
The horizon area, which will be crucial in the thermodynamic analysis in the next
section, is
A = rD−2+ Ω. (70)
Briefly looking at some curvature invariants, the Ricci and Kretschmann scalars are
R = − 1
rn
(
f ′
rn
)′
+
(D − 2)
r1+n
(
2n
r
f − 2f ′
)
+
(D − 3)(D − 2)
r
(
k − f
rn
)
, (71)
RµνρσR
µνρσ =
1
r2n
[
f ′′2 − 2n
r
f ′′f ′ +
n2
r2
f ′2
]
+
D − 2
r2n+2
f 2
(
2f ′2
f 2
+
4n2
r2
− 4n
r
f ′
f
)
+
2(D − 2)(D − 3)
r4
(
k − 1
r2n
f
)2
, (72)
we find that a curvature singularity occurs for r = 0, and it persists in the ‘no black hole’
case µ = 0, which is similar to the pure Lifshitz spacetime, as well as the zero mass limit
of the dilaton black hole with Liouville potentials. Furthermore, we see that the curvature
invariants are regular at the horizon r = r+.
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4 Thermodynamics
4.1 The thermodynamic variables
In this section, we shall consider the thermodynamic behaviour of the black hole in the
case M = N = 3. Similar to the Lifshitz black hole of [22], the first and third gauge
fields, A1 and A3 are fixed by the asymptotic structure of the spacetime, and does not
participate in the mechanics of the black hole. This is compounded by the fact that they
are diverging at the boundary and may not have an appropriate holographic dual, if one
were considering Lifshitz holography.
We observe that, similar to the situation in Ref. [22], the potentials A1 and A3 diverge
at the boundary. Though the former is requied for a spherical horizon while the latter
supports the asymptotic structure of the spacetime. These two fields, along with their
associated conserved charges Q1 and Q3, does not affect the thermodynamics of the black
hole. In our present context, the condition for a spherical horizon k = 1 is obtained by
adjusting two parameters, namely ρ and Λ3 in Eq. (49i). Therefore it is possible to set
ρ = 0 by choosing an appropriate Λ3. Hence A3 vanishes altogether. Thus, A1, A2, Q1,
and Q3 do not play any role as thermodynamic variables.
On the other hand, A2 and its associated conserved charge Q2 play the role of the
Reissner–Nordstro¨m-type potentials and charges, and does contribute to the thermody-
namic behaviour of the solution. As they are the only U(1) gauge fields relevant to the
thermodynamic analysis, in this section we shall drop the subscripts and simply refer to
them as A and Q.
Additionally, as there are no conserved charges associated with the scalar field ψ,
this field is not involved in the thermodynamics as well. Hence the scalar field is fixed
throughout the thermodynamic analysis. In the thermodyanmic analsyis, the constant ψ0
only modifies the values of Q and A by an overall factor. Hence may set ψ0 = 0 without
loss of generality.
The temperature of the black hole can be obtained by ensuring the Euclidean time
τ = it has the appropriate periodicity so that the Euclideanised metric is regular at the
horizon [51]. The temperature T is then obtained as the inverse of this periodicity, where
the resulting expression is T = 1
4π
r−n+ f
′(r+). In terms of the spacetime parameters, the
temperature is explicitly
T =
1
4π
[
(D − 1 + n− 2ν)L2r1+n−2ν+ + (D − 1− n)ℓ−2r1−n+ + (D − 3 + n)Br−1+n+
− (D − 3 + n)q2r−(2D−5+n)+
]
. (73)
The case of extremal black holes is where the temperature is zero. The value of horizon
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radius which gives T = 0 is r+ = re, where re satisfies the equation
q2r−(D−3+n)e =
D − 1 + n− 2ν
D − 3 + n L
−2rD−1+n−2νe +
D − 1− n
D − 3 + nℓ
−2rD−1−ne +Br
D−3+n
e . (74)
The corresponding mass parameter in the extremal case is
µe =
2(D − 2 + n− ν)
D − 3 + n L
−2rD−1+n−2νe +
2(D − 2)
D − 3 + nℓ
−2rD−1−ne + 2Br
D−3+n
e . (75)
The entropy of the black hole is, in the units of the present paper, is
S =
A
4G
, (76)
where A is the horizon area given by Eq. (70).
In the grand canonical ensemble, the gauge potential is held fixed at the boundary at
value Φ, and serves as the variable conjugate to the charge Q,
Φ =
√
2(D − 2)
D − 3 + nqr
−(D−3+n)
+ . (77)
The energy E in this ensemble is taken to be the black hole mass M as given by (61).
With these quantities, it can be checked that the first law of thermodynamics hold:
dE = TdS + ΦdQ. (78)
For the canonical ensemble, the charge Q is held fixed. Therefore dQ = 0 and we
take its conjugate variable to be the difference of the potential with the extremal case,
Φ − Φe, where Φe =
√
D−2
2(D−3+n)
qr
−(D−3+n)
e . Also, the energy should appropriately be
measured against the background of the extremal spacetime, where its horizon has zero
temperature. Hence we shall take the energy of the canonical ensemble to be ∆E = ∆M ,
where ∆M is given in Eq. (62). In this case, the first law can be checked to read
d (∆E) = TdS. (79)
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4.2 Canonical ensemble
The relevant thermodynamic potential in the canonical ensemble is the Helmholtz free
energy
F = ∆E − TS
=
Ω
16πG
[
− (1 + n− 2ν)ℓ−2rD−1+n−2ν+ − (1− n)ℓ−2rD−1−n+
+ (1− n)BrD−3+n+ + (2D − 5 + n)q2r−(D−3+n)+
− (D − 2)
(
D − 1 + n− 2ν
D − 3 + n L
−2rD−1+n−2νe +
D − 1− n
D − 3 + nℓ
−2rD−1−ne +Br
D−3+n
e
)]
.
(80)
Let us also write the temperature here explicitly for convenient reference:
T =
1
4π
[
(D − 1 + n− 2ν)L−2r1+n−2ν+ + (D − 1− n)ℓ−2r1−n+ + (D − 3 + n)Br−1+n+
− (D − 3 + n)q2r−(2D−5+n)+
]
. (81)
The heat capacity at constant charge is
CQ = T
(
∂S
∂T
)
Q
=
∂M/∂r+
∂T/∂r+
, (82)
where
∂M
∂r+
=
Ω(D − 2)
4G
rD−3+ T, (83)
∂T
∂r+
=
1
4π
r−1+
[
(1 + n− 2ν)(D − 1 + n− 2ν)L−2r1+n−2ν+ + (1− n)(D − 1− n)ℓ−2r1−n+
− (1− n)(D − 3 + n)Br−(1−n)+ + (2D − 5 + n)(D − 3 + n)q2r−(2D−5+n)+
]
. (84)
Recall that for fixed n, the parameter ν ranges from ν = 0 to ν = n. The former case
being the Lifshitz black hole and the latter case corresponds to a charged dilaton black hole
with two exponential potentials. We find that both cases share similar thermodynamic
behaviour connected by the continuous parameter ν.
In particular, for sufficiently small charge, there exist a possible range where three
branches of solutions with different r+ share the same temperature. This is reflected in
Eq. (81) where the equation T0 = T (r+) has possibly multiple roots for some T0. As q
is increased until qcrit, the roots will coalesce to a single point, after which for q > qcrit
there will be a unique r+ for every T . Given some spacetime parameters (n, ν, L
2, ℓ2, B)
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Figure 1: (Colour online) Plots of T vs r+ (left) and F vs T (right) for the case n = 0.6,
ν = 0.3, L2 = ℓ2 = 2, and D = 4. In this case, the critical charge has the value
qcrit = 0.0588.
at some dimensionality D, the value of qcrit is determined by the condition
∂T
∂r+
=
∂2T
∂r2+
= 0. (85)
Fig. 1 shows a representative example for the case n = 0.6, L2 = 2, ℓ2 = 2, and D = 4.
In this case, solving Eq. (85) gives qcrit = 0.0588. For a charge less than qcrit, there are
three co-existing branches of black holes with temperature 0.3931 ≤ T ≤ 0.4508, which
can be seen in in the solid curve in the left-hand plot in Fig. 1. The plot of F vs T for this
charge is shown in the solid curve on the right-hand plot of Fig. 1, where we can see it’s
characteristic swallowtail structure. Recall that the thermodynamically favoured phase
is the one with lower Helmholtz free energy. Hence for a given T with multiple values of
F , the lower branch is preferred. At q = qcrit, the three branches collapse to a point and
the swallowtail in the F -T curve in shrinks to a single kink. Further increasing beyond
q > qcrit, the kink disappears and F becomes a smooth function of T .
Let us explore another case of q < qcrit in further detail, this time with n = 0.4,
ν = 0.3, L2 = ℓ2 = 2 and D = 4. The three branches are labelled explicitly in Fig. 2.
Branch 1 is a low-temperature solution which starting from the extremal case r+ = re
up to r+ = 0.2209. wheras Branch 2 is an unstable one at 0.2209 < r+ < 0.5920, and
Branch 3 is for r+ > 0.5920. From Fig. 2, we see that the three branches can co-exist in
the temperature range 0.3290 ≤ T ≤ 0.3606, and that a first-order phase transition may
occur in this range [22, 52].
This behaviour is further corroborated by the heat capacity. The left-hand plot of
Fig. 3 shows the heat capacity CQ vs r+. The heat capacities of Branches 1 and 3 are
positive while it is negative for Branch 2, and they are separated by discontinuities. The
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Figure 2: (Colour online) Plots of T vs r+ (left) and F vs T (right) for q =
√
0.3qcrit in
the case n = 0.4, ν = 0.3, L2 = ℓ2 = 2, and D = 4. In this case, the critical charge has
the value qcrit = 0.0868.
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Figure 3: (Colour online) Plots of CQ vs r+ (left) and CQ vs T (right). The parameter
choices are the same as for Fig. 2.
plot of CQ vs T is shown in the right-hand plot of Fig. 3, where we observe the co-existing
branches in the aforementioned temperature range.
The thermodynamics typically show similar qualitative behaviour for 0 ≤ ν ≤ n, where
ν determines the specific value of qcrit. In Fig. 4, some values of qcrit as a function of ν are
shown for different n. Furthermore, as ν ranges from ν = 0 to ν = n, these observations
connect the thermodynamics of the Lifshitz black hole [22] to that of a charged dilaton
black hole with two Liouville potentials [53, 54].
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Figure 4: (Colour online) Plots of qcrit against ν for various n. Note that the allowed
ranges of ν are ν ≤ n, and hence each curve terminates at their respective ν = n.
4.3 Grand canonical ensemble
In the grand canonical ensemble, the gauge potential Φ is held fixed instead of Q. In this
case, the relevant thermodynamic potential is the Gibbs free energy
W = E − TS − ΦQ
=
Ω
16πG
[
− (1 + n− 2ν)L−2rD−1+n−2ν+ − (1− n)ℓ−2rD−1−n+
+ (1− n)
(
B − 2(D − 3 + n)
D − 2 Φ
2
)
rD−3+n+
]
. (86)
In this ensemble, the system should be parametrised by Φ instead of q. Therefore the
temperature is expressed as
T =
1
4π
[
(D − 1 + n− 2ν)L−2r1+n−2ν+ + (D − 1− n)ℓ−2r1−n+
+ (D − 3 + n)
(
B − 2(D − 3 + n)
D − 2 Φ
2
)
r−1+n+
]
. (87)
The above relations imply the existence of a critical potential Φcrit, where
Φcrit =
√
(D − 2)B
2(D − 3 + n) . (88)
For Φ < Φcrit, the third term in Eq. (87) is negative, and this allows the possibility two
branches of solution with the same temperature. the free energies of these two branches
meet at a discontinuous point of the W -T curve, as shown in Fig. 5, where the numerical
values are n = 0.6, ν = 0.3, L2 = ℓ2 = 2, and D = 4. Increasing the potential to Φcrit, we
see that the low-temperature branch vanishes by collapsing into the point (r+, T ) = (0, 0)
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Figure 5: Plots of T vs r+ (left) and W vs T for the case n = 0.6, ν = 0.3, L
2 = ℓ2 = 2,
and D = 4. For these values, the critical potential is Φc = 0.9882.
and only one smooth branch W -T curve remains. This behaviour presists for various
values of ν in 0 ≤ ν ≤ n, and is similar to the thermodynamics observed in the Riessner–
Nordstro¨m–Anti-de Sitter black hole [52] as well as the spherical Lifshitz black hole [22].
5 Conclusion
In summary, we have considered an Einstein–Maxwell–dilaton-type theory consisting ofM
Liouville potentials and N U(1) gauge fields. With an appropriate ansatz, the equations
of motion are solved for arbitrary M and N .
The ansatz was chosen based on the assumption that each term in the metric function
gtt is supported by a potential and gauge field, allowing for the possibility that a potential
and gauge field may support the same term. By switching off the appropriate potentials
and gauge fields, we recover the Lifshitz and dilaton black holes. The solution with
M = N = 3 corresponds to a metric that interpolates between the two.
Some basic thermodynamic quantities have been studied. In the canonical ensemble,
solutions with sufficiently small charge may have three co-existing branches with the
same temperature, and that a phase transition may occur among them. In the grand
canonical ensemble, solutions with sufficiently small potential, there are two branches
with the same temperature. This behaviour shares similar features to the Lifshitz black
hole as well as the dilaton black hole to which it interpolates, thus bridging the results
of [22] for the Lifshitz black hole and [53, 54] for the dilaton black hole. It might be
interesting to find exact solutions for other forms of the dilaton potential V, as was shown
in [55] for asymptotically-AdS solutions, there are certain forms of potential that lead to
thermodynamically stable exact solutions.
Our solution inherits similar problematic features of the Lifshitz and dilaton black
holes. In particular, the dilaton ψ diverges at the boundary. It was argued in [22]
25
that this issue might be resolved by an appropriate embedding of the model in string
theory. Secondly, the unsual asymptotic structure, being non-asymptotically flat and
non-(A)dS complicates the issue of calculations at the boundary. For instance, the choice
of background required to renormalise the divergence of the Euclidean action is ambiguous.
Instead, a background-independent counter-term was introduced in the Lifshitz case [41]
and similarly for the dilaton black hole [31]. However, in the dilaton case, the boundary
stress tensor remains ill-defined despite having a finite action [31]. Since the solution of
the present paper contains the dilaton black hole as a special case, it inherits the similar
issue of the dilaton black hole’s boundary stress tensor.
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